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Abstract
N = 1 supersymmetric QCD is considered using the recently proposed
picture of it as the world volume theory of a single M-theory fivebrane with
two of its dimensions wrapped on a Riemann surface. The conditions under
which a second M-theory brane can be introduced preserving some supersym-
metry are analysed. Such configurations represent BPS saturated extended
objects in the quantum field theory on the brane worldvolume. Formulae for
the tension of these extended objects are derived. An explicit intersecting
fivebrane configuration is found which is interpreted as a BPS domain wall in
4-dimensional MQCD.
1On leave from the Institute of Theoretical Physics, Warsaw University, Poland.
1 Introduction
One area of research where non-perturbative string and M-theory ideas2 have found
fruitful application is the study of non-perturbative aspects of gauge theories. It has
given a new and interesting perspective on non-perturbative aspects of quantum field
theory and the relation between the classical and the quantum. The string/M-theory
viewpoint has provided a natural physical interpretation for the Seiberg-Witten
solution [3, 4] of N = 2 supersymmetric Yang-Mills theory.
Recently BPS saturated extended objects in N = 1 supersymmetric quantum
field theory have attracted much attention [5, 6, 7]. This article investigates the M-
theory interpretation of these objects as BPS stable configurations of intersecting
M-branes.
In the M-theory setting one can view 4-dimensional quantum field theory as
the worldvolume theory of an M-theory fivebrane wrapped on a Riemann surface
Σ [8, 9]. Extended objects in the quantum field theory constructed in this fashion
can naturally be interpreted as other branes intersecting this “vacuum” fivebrane
in various ways. Depending on how the worldvolumes intersect the corresponding
state in the field theory will have a very different appearance. Supergravity and
worldvolume effective field theory considerations suggest [13, 12, 11, 14] that a pair
of fivebranes can intersect along a space of either 3 or 1 dimensions, while a fivebrane
and a twobrane can intersect along 1 dimension. In the present analysis these results
are not assumed. In fact, to study extended objects in the effective quantum field
theory on the worldvolume it seems most natural to classify the intersections by
the number of dimensions of the intersecting fivebrane that coincide with the non-
compact 3 dimensional (space) part of the “vacuum” fivebrane. These intersections
can be interpreted as membranes (d = 2), strings (d = 1) or particles (d = 0) in the
4-dimensional quantum field theory on the “vacuum” fivebrane worldvolume. This
paper is devoted to the study of BPS stable configurations of this kind.
It is shown that only two types of intersections can lead to solutions of the
BPS conditions: the fivebrane-fivebrane intersection along a 2-space in 3+1 dimen-
sional spacetime, which has a natural domain wall interpretation, and the fivebrane-
fivebrane intersection along a 1-space, which would be interpreted as a BPS satu-
rated string. The explicit membrane solution found here is in fact a 3-dimensional
intersection (in agreement with expectations based on supergravity). However the
string solution seems singular, as it requires that the volume (hence also the tension)
2For recent reviews see [1] and [2] .
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of this object should vanish in the BPS limit.
Section 2 reviews the M-theory fivebrane configurations leading to the gauge
theories of interest, following the original presentation of Ooguri et al. [15] and
Witten [10] (as well as the papers [16, 17, 18, 19, 20, 21, 22, 23, 24, 25] which
generalise and explore the original construction). Various consistency checks like
decoupling and Seiberg duality are discussed.
Section 3 is devoted to counting the supersymmetries of the fivebrane configura-
tion using the methods of [26]. Section 4 considers the various fivebrane-fivebrane
intersections, and section 5 discusses an explicit example of a BPS domain wall
in SU(n) MQCD. Finally section 6 summarises the results for fivebrane-twobrane
intersections.
2 M-theory Fivebranes with Four Supersymme-
tries
Four dimensional N = 1 supersymmetric SU(n) Yang-Mills theory can be regarded
as the world-volume theory of parallel fourbranes in type IIA string theory with
finite extent in one direction, x6. The ends of the fourbranes, along the x6 axis,
lie on fivebranes. The remaining coordinates of the world-volume theory of the
fourbranes are x0, x1, x2, x3.
In the N = 2 case the fivebranes on which the fourbranes end have world-volumes
extending in the x0, x1, x2, x3, x4, x5 coordinates. This configuration preserves a
quarter of the 32 real supersymmetries of M-theory, that is eight. To have N = 1
supersymmetry in four dimensions one has to break a half of these. This can be
achieved by rotating one of the fivebranes so that they are not parallel anymore[32,
33, 34]. Thus one fivebrane extends over x0, x1, x2, x3, x4, x5 while the other extends
over x0, x1, x2, x3, x7, x8.
To understand the physical limit under consideration here it is useful to first
recall the N = 2 situation. The field theory on the fourbrane worldvolume is a
supersymmetric Yang-Mills theory in a limit where gravity decouples. The idea of
decoupling gravity in order to understand non-perturbative aspects of field theory
from the string point of view was first made explicit in [28]. It was subsequently
understood that the field theory limit only depends on the local structure of the
compactification and can be explored by “engineering” the singularity structure
appropriately [8, 30, 31]. The analog of this in the brane language was developed in
2
a number of papers [29, 9] and the relationship between the alternative approaches
has been discussed in [35] and very recently in [36]. Gravity is decoupled by taking
the string coupling λ to be small. Since the Yang-Mills coupling g on the fourbrane
worldvolume theory satisfies
1
g2
=
L
λls
(1)
(here ls is the string scale), one has to keep this finite to get a nontrivial limit. Thus,
as the string coupling is taken to be small, keeping g fixed entails keeping the ratio
L/(λls) fixed. Since R = λls, this is the same as fixing L/R. This is intuitively
sound, as it also means that the Kaluza-Klein excitations decouple in the limit.
Using an M-theory fivebrane configuration instead of the flat branes in type IIA
string theory means working in the strongly coupled regime. In [9] it is argued that
the physical picture in the dimensions (0, 1, 2, 3) persists also when this opposite
limit is taken, that is, one takes the string coupling λ to be large keeping the Yang-
Mills coupling finite, i.e. R and L are taken large keeping their ratio fixed. This
does not change the physics, because the theory on the Coulomb branch depends
on R and L only via their ratio (see also [25]).
A similar picture is advocated in [15, 10, 16] for the case of N = 1, although it is
also pointed out [10] that in this case gravity does not entirely decouple, but instead
leads to a one-parameter generalisation of standard supersymmetric Yang-Mills the-
ory. As in the N = 2 case, since the fourbrane is just an M-theory fivebrane wrapped
around x10, one can ask what the M-theory fivebrane configuration would have to be
to lead to the type IIA configuration of fourbranes and fivebranes described above
in the weakly coupled limit. The answer is that the fivebrane fills the space parame-
terised by x0, x1, x2, x3 and its two remaining dimensions are wrapped on a Riemann
surface Σ which is holomorphically embedded in R6 (the x4, x5, x6, x7, x8, x10 coordi-
nates). Adopting a complex structure where s = x6+ix10, v = x4+ix5, w = x7+ix8
are holomorphic, the Riemann surface Σ will be given by two holomorphic relations
in the variables s, v, w. Since x10 is really compactified on a circle, instead of s one
uses t = exp(−s/R), R being the radius of the compact x10. The radius R will be
set to unity in what follows, except in section (5.1).
One way of finding the curve Σ is to emulate the effect of rotating one of the
fivebranes in the M-theory limit. This can be done at points in N = 2 moduli space
where the curve degenerates to genus zero[15, 10, 16]. At such points the curve can
be parameterized rationally, which means that it can be specified by prescribing
t, v, w as rational functions of a coordinate λ on the complex sphere. To determine
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these functions one has to examine the behaviour of t, v, w to see what kind of
singularities are allowed.
In the N = 2 case v should have two poles corresponding to the two fivebranes,
both at w = 0. After the rotation, there should be a pole in v at w = 0 (this
corresponds to the “left” fivebrane), and one in w at v = 0 (the other fivebrane).
This implies the relation
wv = ζ (2)
for some ζ . To specify the curve completely one more relation is needed.
To discuss all the cases in a self-contained way, consider the N = 2 curve given
by
y2 = A(x)2 − B(x). (3)
This form is common for all the non-exceptional classical groups (see e.g. [37]):
SU(r + 1) : A(x) =
r+1∏
k=1
(x− a¯k),
B(x) = Λ2r+2−Nf
Nf∏
j=1
(x+ µj); (4)
SO(2r + 1) : A(x) =
r∏
k=1
(x2 − a¯2k),
B(x) = Λ4r−2Nf−2x2
Nf∏
j=1
(x2 − µ2j); (5)
Sp(2r) : A(x) = x2
r∏
k=1
(x2 − a¯2k) + A0,
B(x) = Λ4r−2Nf−2x2
Nf∏
j=1
(x2 − µ2j); (6)
SO(2r) : A(x) =
r∏
k=1
(x2 − a¯2k),
B(x) = Λ4r−2Nf−2x4
Nf∏
j=1
(x2 − µ2j). (7)
Here µi are the flavour masses, Λ is the renormalisation group invariant scale, a¯k
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are the branch points, and
A0 = Λ
2r−Nf+2
Nf∏
j=1
µj. (8)
Setting y = t + A(x), x = v one finds
t2 + 2tA(x) +B(x) = 0. (9)
By rescaling x and B suitably (and identifying x ≡ v) one can assume
A(v) = va + . . .
B(v) = µvb + . . . (10)
The idea is to consider a degenerate limit, where the Riemann surface becomes
a sphere, and read off the asymptotic behaviour of t. In the limit v →∞ the curve
becomes:
t2 + tva + µvb = 0. (11)
For the N = 2 curves b ≤ 2a, which is assumed throughout. One can distinguish
different regions of interest for the parameters b, a. If b < 2a, then:
t → −µvb−a,
or t → −va →∞. (12)
The first root has the following asymptotic behaviour as v →∞:
b < a = t→ −µvb−a → 0,
b = a : t→ −µvb−a → −µ,
b > a : t→ −µvb−a →∞. (13)
When b = 2a:
t→ 1
2
va(−1±
√
1− 4µ)→∞. (14)
Next the behaviour in the vicinity of the zeros of B (denoted by µi) is needed.
Suppose
B = µ
p∏
i=1
(v − µi)ni,
p∑
i=1
ni = b. (15)
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Expanding A around µi gives
A(v) = Ci(v − µi)mi + . . . (16)
for some constant Ci (note that mi are allowed to vanish). Now concentrate on a
point in moduli space where the Riemann surface degenerates to a sphere; there the
surface can be parameterized by a single parameter λ [15, 10]. Let
v = λ+
d
λ
, (17)
so that v → ∞ as λ → ∞ and λ → 0. These two infinities correspond to the two
five-branes between which the fourbranes, in the weak coupling type IIA picture,
are suspended. Since the asymptotic behaviour of t as v → ∞ is determined by a
quadratic equation, it has two different behaviours corresponding to the two roots of
the equation as given in (12,13,14). One may associate these two roots with either
λ→∞ or λ→ 0. Let us denote by (A) the case when the first root given in (12) is
associated with λ→ 0 and the second one with λ→∞. Then
λ→ 0 : t→ −µ
(
λ
d
)b−a
,
λ→∞ : t→ −λa. (18)
The function t(λ) has a pole of order a at λ→∞ and a pole of order b− a at λ = 0
if b < a or a zero of order a − b at λ = 0 if b > a. Since λ parameterizes a sphere,
t should have an equal number of poles and zeroes. Thus t must have a further set
of zeroes whose total order should be b. These occur whenever the polynomial B
vanishes, i.e. whenever
v = λ+
d
λ
= µi. (19)
Denoting the two roots of these equations as λ±i, λ+iλ−i = d, one can write t(λ)
uniquely as:
t = −
k∏
j=1
(λ− λ+j)nj−mj (λ− λ−j)mjλa−b, (20)
where the mj , nj are defined above and k is the number of distinct zeroes of the
polynomial B. One also obtains the equation:
µ = (−1)bda−b
k∏
j
λ
2mj−nj
−j d
nj−mj . (21)
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Now consider decoupling flavors with mass µj by taking µj →∞ while keeping
µµ
nj
j fixed in the usual way. In this limit λ−j → −µj and one can only keep the
equations consistent with the case of a smaller number of flavors if mj = 0. Thus
decoupling requires that the theory be at a point in moduli space at which mj = 0,
so finally one finds:
t(λ) = −
k∏
j=1
(λ− λ+j)njλa−b
µ = (−1)bda−b
k∏
j
λ
nj
+j . (22)
Rotating one of the fivebranes to break the supersymmetry by a further half corre-
sponds to keeping only one of the infinities in v, and letting the other one correspond
to an infinity in w. Thus one can take
v = λ,
w =
ζ
λ
, (23)
which yields the N = 1 curve:
t = −
k∏
j=1
(v − vj)njva−b,
vw = ζ. (24)
Let us now consider the other possible case, denoted by (B), in which one asso-
ciates the second root given in (12) to λ → 0 and the first root to λ →∞. In that
case
λ→ 0 : t→
(
d
λ
)a
,
λ→∞ : t→ −µλb−a. (25)
The same argument as for the case (A) leads to the N = 1 curve:
t = −
k∏
j=1
(v − v˜j)njv−a,
vw = ζ. (26)
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Thus one arrives at two different curves describing the same physical situation,
related by the discrete transformation: a → a − b, b → b. This is exactly Seiberg’s
non-abelian duality.
3 The MQCD vacuum
MQCD is the quantum field theory living on the (0, 1, 2, 3) part of a fivebrane with
world volume (0, 1, 2, 3)×Σwhere Σ is a Riemann surface holomorphically embedded
in Y ≡ R5 × S1 as described in the preceding section.
The following sections consider the possibility of having BPS saturated extended
objects in the world volume theory of the fivebrane. Three types of objects are
studied, which intersect the (0, 1, 2, 3) part of the fivebrane world volume at 0, 1
or 2 dimensional manifolds. If these objects exist, they appear as BPS saturated
particles, strings, and membranes in MQCD. To establish whether they do exist,
one has to look for brane configurations which preserve some supersymmetry. The
first step is to verify the number of supersymmetries preserved by a single fivebrane
with world volume (0, 1, 2, 3)×Σ, that is, the number of supersymmetries preserved
by the vacuum in MQCD. This calculation is necessary, since it is important for
the following sections to have an explicit form for the preserved supersymmetry
transformations, that is, for the spinorial parameters of these supersymmetries.
The conditions for preservation of supersymmetry can be found following [26] (see
also [27, 38]). The number of supersymmetries preserved by a p-brane configuration,
whose embedding in R9,1×S1 is described by the maps XM , is given by the number
of spinors χ which satisfy the equation
χ =
1
p!
ǫα1...αpΓM1...Mp∂α1X
M1 . . . ∂αpX
Mpχ. (27)
Here 3
ΓM1...Mp = Γ[M1 . . .ΓMp] (28)
and ΓM are 11-dimensional gamma matrices.
For a fivebrane with world-volume filling x0, ...., x3,Σ the supersymmetry condi-
tion (in the static gauge) reduces to:
χ =
1
2
ǫαβΓ0 . . .Γ3Γij∂αX
i∂βX
jχ, (29)
3The antisymmetrization in (28) includes a factor of 1/p!, and the epsilon symbol in (27) is a
tensor, not a tensor density.
8
where i, j label the embedding coordinates (X4, X5, X6, X7, X8, X10). Using com-
plex coordinates4
S = X6 + iX10,
V = X4 + iX5,
W = X7 + iX8, (30)
(31)
which will be denoted by Xm (with Xm¯ as their complex conjugates), the condition
(29) reads
χ = ǫαβΓ0Γ1Γ2Γ3(Γmn∂αX
m∂βX
n + Γmn¯∂αX
m∂βX
n¯ + Γm¯n∂αX
m¯∂βX
n,
+ Γm¯n¯∂αX
m¯∂βX
n¯)χ. (32)
As the fivebrane is wrapped around the holomorphic curve Σ, only the term with
one holomorphic and one anti-holomorphic index is non-vanishing:
χ = ǫαβΓ0 . . .Γ3(Γmn¯∂αX
m∂βX
n¯ + Γm¯n∂αX
m¯∂βX
n)χ. (33)
This equation can be rewritten as:
√
hdσ1 ∧ dσ2χ = Γ0Γ1Γ2Γ3Γmn¯(∂1Xm∂2X n¯ − ∂2Xm∂1X n¯)dσ1 ∧ dσ2χ. (34)
Here σ1,2 parameterize the two dimensional surface Σ and h is the determinant of
the induced metric on Σ. The equations describing the embedding of Σ in Y can be
written as:
f1(v, t) = 0,
f2(v, w) = 0 (35)
(the explicit form of the functions f1, f2 was given in section 2). From these two
equations one can calculate
h = −1
4
(
1
|T |2 + |
∂Tf1
∂V f1
|2 + |∂Tf1
∂V f1
∂V f2
∂W f2
|2)2(∂1T∂2T¯ − ∂2T∂1T¯ )2 (36)
4Also T = exp(−S/R) will be used.
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and the equation for supersymmetry preservation becomes:
iΓ0Γ1Γ2Γ3(ΓT¯T − ΓT¯ V
∂Tf1
∂V f1
+ ΓT¯W (
∂V f2
∂W f2
∂Tf1
∂V f1
)− ΓV¯ T (
∂Tf1
∂V f1
)⋆,
+ ΓV¯ V |
∂T f1
∂V f1
|2 − ΓV¯ W |
∂Tf1
∂V f1
|2 ∂V f2
∂W f2
+ ΓW¯T (
∂Tf1
∂V f1
∂V f2
∂W f2
)⋆,
− ΓW¯V |
∂Tf1
∂V f1
|2( ∂V f2
∂W f2
)⋆ + ΓW¯W |
∂T f1
∂V f1
∂V f2
∂W f2
|2)χ,
=
1
2
(
1
|T |2 + |
∂Tf1
∂V f1
|2 + |∂Tf1
∂V f1
∂V f2
∂W f2
|2)(∂1T∂2T¯ − ∂2T∂1T¯ )χ. (37)
This implies the conditions
iΓ0Γ1Γ2Γ3ΓT¯ Tχ =
1
2
| 1
T
|2χ,
iΓ0Γ1Γ2Γ3ΓV¯ V χ =
1
2
χ,
iΓ0Γ1Γ2Γ3ΓW¯Wχ =
1
2
χ
(38)
and
ΓT¯ V χ = ΓT¯Wχ = ΓV¯ Wχ = 0,
ΓV¯ Tχ = ΓW¯Tχ = ΓW¯V χ = 0. (39)
These conditions admit 4 real solutions, so 4 supersymmetries are preserved,
which corresponds to N = 1 supersymmetry in 4 dimensions. To see this it is
convenient to regard the gamma matrices for the six dimensions 4, 5, 6, 7, 8, 10 in
the present basis as fermionic creation and annihilation operators, since they satisfy
the anticommutation relations
{Γm,Γn†} = gmn¯, (40)
where g is the (flat) metric on Y . Thus Γm is a fermionic creation operator, while
its conjugate is a fermionic annihilation operator.
The spinor χ can be viewed as a Fock state in the space generated by the op-
erators Γm acting on a Fock vacuum. It is convenient to denote a vector in the
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Fock space by α ⊗ | nS, nV , nW >, where the ni are the fermionic Fock space occu-
pation numbers (i.e. 0 or 1) and α is a 4-dimensional Dirac spinor. Thus there are
8 ∗ 23 = 64 states. The conditions (39) imply that
χ = α⊗ | 000 >+ β ⊗ | 111 >, (41)
where α, β are 4-dimensional (Dirac) spinors. There are 16 such states.
The conditions (38) lead to
iΓ0Γ1Γ2Γ3α1 = α1,
iΓ0Γ1Γ2Γ3α2 = −α2, (42)
i.e. they determine the 4-dimensional chirality of the spinors α1, α2, leaving 8 solu-
tions. Finally the eleven-dimensional Majorana condition must be imposed. Recall
that with the conventions of [38] ΓM are real for M = 2, 5, 7, 8, 10, purely imagi-
nary for M = 0, 1, 3, 4, 6, 9, symmetric forM = 0, 2, 5, 7, 8, 10 and antisymmetric for
M = 1, 3, 4, 6, 9. The charge conjugation matrix is given by
C = BΓ0, (43)
where the unitary matrix B satisfies
Γ⋆M = BΓB
−1 (44)
and in 11 dimensions one can choose
B = B⋆, B = B†. (45)
In the representation chosen above for the Dirac matrices, one may take
B = Γ2Γ5Γ7Γ8Γ10. (46)
Let now
η = α⊗ | 000 >. (47)
This satisfies
iΓ0Γ1Γ2Γ3η = η,
Γm¯Γnη = 0 (m 6= n) (48)
so it has 4 components (and positive 4-dimensional chirality). It is easy to see that
Bχ⋆ has (nS, nV , nW ) = (1, 1, 1) and negative 4-dimensional chirality. Thus the
spinor
χ = η +Bη⋆ (49)
is a Majorana spinor which satisfies all the conditions. It has 4 real degrees of
freedom, as expected for N=1 supersymmetry.
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4 Fivebrane-Fivebrane Intersections
According to supergravity calculations [13, 12] a pair of fivebranes can meet along
a 3 space or a 1-space. The intersection will appear as a state in the spectrum of
the quantum field theory on the “vacuum” fivebrane. Depending on the geometry
of the intersection this state might appear as a membrane, a string or a particle. To
have stable BPS states these configurations must preserve some of the supersym-
metries left intact by the “vacuum” fivebrane. This section is devoted to checking
whether such supersymmetry preserving configurations can occur. The cases consid-
ered below treat the different possibilities for the part of the intersection inside the
(0, 1, 2, 3) space, that is, they correspond to the different types of extended objects
as viewed from the four-dimensional worldvolume field theory. The actual dimen-
sionality of an intersection follows from solving the differential-geometric conditions
which follow from the calculations done here.
4.1 Membrane Type Intersections
Consider a membrane in MQCD represented by a fivebrane whose worldvolume
lies in x0, x1, x2 and M3 ⊂ Y where M3 is a three dimensional manifold. Thus
the intersection is R2 × (M3 ∩ Σ), so from the four-dimensional worldvolume field
theory point of view it is a two dimensional plane which divides physical space
into two halves. One expects that M3 ∩ Σ should be 1-dimensional, since there
are supergravity solutions of intersecting fivebranes which intersect on three space
directions[11, 13, 12]. Further on an example is presented where this is indeed the
case.
To preserve some supersymmetry there must be solutions of
χ =
1
3!
ǫαβγΓ0Γ1Γ2Γijk∂αX
i∂βX
j∂γX
kχ, (50)
where now the X ’s refer to the embedding of the second fivebrane. Writing this
in terms of holomorphic and anti-holomorphic coordinates as before, and using the
fact that Γm¯Γn χ = 0 if m 6= n one finds
χ = ǫαβγΓ0Γ1Γ2(Γmnp∂αX
m∂βX
n∂γX
p
+ 6Γmnp¯∂αX
m∂βX
n∂γX
p¯ + h.c)χ, (51)
Using (49) and matching terms with the same “occupation numbers” on both sides
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of this equation gives
Bχ⋆ǫαβγ = Γ0Γ1Γ2Γmnp∂αX
m∂βX
n∂γX
pχ (52)
and
0 = Γ0Γ1Γ2ΓmΓnn¯∂αX
m∂βX
n∂γX
n¯χ (53)
(no sum over m in the last equation).
The first of these conditions can be rewritten as5
ωBη⋆ = (X⋆Ω)Γ0Γ1Γ2ΓSVWη, (54)
where ω is the volume form on M3, while Ω is the holomorphic 3-form
Ω =
dt
t
∧ dv ∧ dw. (55)
Thus the pullback of the holomorphic three-form toM3 must be equal to the volume
form on M3.
The second equation states that the pullback of the Ka¨hler form to M3 must
vanish: this follows from the fact that
Γmn¯η = Jmn¯η. (56)
Since Ω is equal to the volume form, one concludes that for a BPS saturated
membrane the tension is given by
T = |
∫
M3
Ω|, (57)
which can be computed for any suitable brane configuration. It is a universal formula
for the membrane tension.
4.2 String Type Intersections
In this case the fivebrane has its worldvolume filling (x0, x1) ×M4, where M4 is a
submanifold in Y . The condition for supersymmetry preservation reads in this case
χ =
1
4!
ǫαβγδΓ0Γ1Γijkl∂αX
i∂βX
j∂γX
k∂δX
lχ. (58)
5X⋆Ω is the pullback of the holomorphic threeform to M3.
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Writing this in terms of holomorphic and anti-holomorphic coordinates as before,
and using the fact that Γm¯Γn χ = 0 if m 6= n one finds
ǫαβγδχ = Γ0Γ1(4Γmnpq¯∂αX
m∂βX
n∂γX
p∂γX
q¯
+ 6Γmnp¯q¯∂αX
m∂βX
n∂γX
p¯∂δX
q¯
+ 4Γmn¯p¯q¯∂αX
m∂βX
n¯∂γX
p¯∂δX
q¯)χ, (59)
Using (49) and matching terms with corresponding “occupation numbers” on both
sides of this equation gives
η =
1
4
ǫαβγδΓ0Γ1Γmnp¯q¯∂αX
m∂βX
n∂γX
p¯∂δX
q¯η,
0 = ǫαβγδΓ0Γ1(Γmnpq¯∂αX
m∂βX
n∂γX
p∂δX
q¯η
+ Γmn¯p¯q¯∂αX
m∂βX
n¯∂γX
p¯∂δX
q¯Bη⋆). (60)
Since
Γmnp¯q¯η = (gnp¯gmq¯ − gnq¯gmp¯)η, (61)
the first of the above conditions implies
ω = J ∧ J. (62)
Since Γ0Γ1Γmnpq¯ and Γ0Γ1Γmnpq¯ have opposite chiralities, the second condition leads
to J = 0, so this solution is singular. It is not clear whether this has any interesting
interpretation.
4.3 Particle Type Intersections
The last case to consider is when the two fivebranes have a 0-dimensional intersec-
tion, which would correspond to a particle state in the worldvolume field theory. It
is easy to see that there are no BPS configurations of this kind. The analog of (58)
here would read
ǫαβγδρχ = Γ0(Γmnpq¯r¯∂αX
m∂βX
n∂γX
p∂δX
q¯∂ρX
r¯ + h.c.)χ. (63)
It is clear that the only solution to this is χ = 0, since there is no way to match
occupation numbers on both sides of this equation. This is different from the case
considered in [38], where the curves Σ lead to an N = 2 theory.
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5 An Example: SU(n) Supersymmetric Yang-Mills
This section presents an explicit example in SU(n) supersymmetric Yang-Mills the-
ory. In the following section it will be argued that this brane intersection corresponds
to a domain wall in MQCD. The fivebrane configuration here is quite nontrivial and
is by itself a BPS state. The 2+ 1 dimensional field theory on its worldvolume may
be interesting in its own right.
5.1 The Fivebrane Solution
The vacuum fivebrane configurations [10] are specified by Riemann surfaces:
t = vn,
vw = ζei
2mpi
n , (64)
where m labels the n vacua of the SU(n) gauge theory.
Each vacuum fivebrane has a U(1) symmetry
t −→ eniδt,
v −→ eiδv,
w −→ e−iδw (65)
and a Z2 charge conjugation symmetry:
v −→ w,
w −→ v,
t −→ ζnt−1. (66)
The membrane solution constructed below will later be interpreted as a domain
wall and so it will be required that the solution preserve these symmetries since
they are not spontaneously broken. This solution is constructed in such a way that
it interpolates between two different vacuum fivebranes labeled bym = 0 andm = 1.
The 3-dimensional intersection of the two fivebranes (M3) can be parameterized
by ρ, σ, θ. To keep the U(1) intact the fivebrane which plays the role of the wall
must be then of the form
v = f(ρ, σ)eiθ,
w = g(ρ, σ)e−iθ,
t = exp(h(ρ, σ))einθ. (67)
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This form is prescribed uniquely by the U(1) symmetry (up to reparameterisation)
where h is real and f, g are complex functions. Note that θ drops out at the inter-
section; it parameterises a non-trivial cycle on Σ. Without loss of generality one can
assume that one vacuum is attained for σ = 0 and the other one for σ = 1.
The functions f, g, h can be determined from the BPS conditions. The Ka¨hler
form on Y reads
J = dv ∧ dv¯ + dw ∧ dw¯ + 1|t|2dt ∧ dt¯. (68)
The pullback of this to M3 is
J = df ∧ df¯ + dg ∧ dg¯ + i[d(|g|2 − |f |2)− dh] ∧ dθ. (69)
To satisfy Jρθ = Jσθ = 0 one has to take
h =
1
2n
(|g|2 − |f |2) + C (70)
for some constant C. This leaves
J = df ∧ df¯ + dg ∧ dg¯. (71)
The functions f, g must be chosen to make this vanish.
The pullback of the holomorphic 3-form Ω reads
Ω = indf ∧ dg ∧ dθ − id(fg) ∧ dθ ∧ dh (72)
Since the BPS conditions require that this be equal to the volume form (up to a
constant phase), one must ensure that this indeed has a constant phase.
The Ansatz considered in the following reads:
f(ρ, σ) = u(σ)eiρ,
g(ρ, σ) = u(σ)e−iρ (73)
for some complex function u. This Ansatz ensures that J = 0, and Ω simplifies to
Ω = n(∂σu
2)dσ ∧ dρ ∧ dθ. (74)
For this to have a constant phase u2 must be linear in σ:
u =
√
a+ bσ (75)
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for some constants a, b which can be fixed by imposing the boundary conditions:
σ = 0 ⇒ wv = ζ,
σ = 1 ⇒ wv = ζe 2piin . (76)
This leads to the final form of the curve
t = ζn/2einθ,
v = ζ1/2
√
1− σ(1− e 2piin )ei(ρ+θ),
w = ζ1/2
√
1− σ(1− e 2piin )e−i(ρ+θ). (77)
Here the constant C has been fixed by requiring the Z2 symmetry (66).
It is easy to check that this curve satisfies the BPS condition which equates Ω
with the volume form. It follows directly that
Ω = n sin(2π/n)dρ ∧ dσ ∧ dθ, (78)
while the determinant of the metric on M3 is easily found to be
det(g) = |∂σu2|2 (79)
and the BPS condition is satisfied.
Finally observe that this configuration has actually two independent U(1) sym-
metries,
ρ −→ ρ + δ1,
θ −→ θ + δ2 (80)
for real δ1, δ2, but only the second one is also a symmetry of the “vacuum” fivebrane.
5.2 Interpretation
Domain walls in MQCD were discussed recently in [10, 39, 40]. The realization
explored there seems to be different than the one presented here. The intersecting
fivebrane configuration found in the previous section suggests a picture where a
domain wall is realized as a piece of fivebrane crossing another fivebrane.
The solution given by (5.1) describes two fivebranes which intersect along a 3-
space: two of the dimensions are non-compact and appear as a membrane in the
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4-dimensional quantum field theory of the vacuum fivebrane worldvolume, while the
remaining dimension is a cycle on Σ. The fivebrane which intersects the “vacuum”
fivebrane interpolates between this vacuum at σ = 0 (where the branes intersect)
and an adjacent vacuum at σ = 1. The physical picture is that as the plane x3 = 0 is
crossed the “vacuum” fivebrane changes the configuration of the compact part from
the m = 0 vacuum (at σ = 0) to the m = 1 vacuum at σ = 1 on the other side. Thus
one may think of one fivebrane patched from three pieces: the vacuum fivebrane with
m = 0, the membrane and the vacuum fivebrane with m = 1. This is probably the
connection with Witten’s picture of a single fivebrane which interpolates between
the different MQCD vacua.
When the branes are separated in the x9 direction there is of course no domain
wall in the 3 + 1 dimensional worldvolume field theory. It only appears when the
separation in the x9 direction vanishes. It is possible to infer that a marginal bound
state of two fivebranes appears when they intersect on a three-dimensional manifold.
The argument relates this system to a D4-D0 brane system at least for flat branes 6.
Consider a pair of M-theory fivebranes with worldvolumes along (0, 1, 2, 3, 4, 10) and
(0, 1, 2, 6, 7, 10). By compactifying x10 and T-dualising along (1, 2, 6, 7) one ends up
with a D-fourbrane with worldvolume along (0, 3, 4, 6, 7) and a D-zerobrane. This
system is known to form a bound state at threshold[41]. Thus a pair of fivebranes
with a 3-dimensional intersection forming a bound state is consistent with the duality
argument just presented.
Having the explicit brane configuration makes it possible to calculate the tension
explicitly using this and formula (57). This yields (reinstating R)
T = 4π2nRT5|ζ |2|1− e2πi/n|2. (81)
It is the same as that derived in [10], up to a constant factor which is not fixed by
Witten’s analysis. The present approach fixes the normalisation unambiguously.
It should be possible to understand this result from the point of view of the
brane worldvolume field theory. It is clear that one is dealing with a membrane
in the non-compact space where the field theory is defined, but one would like to
understand in physical terms why it is that the vacua on either side of the membrane
are different.
One can actually see that the membrane couples in the worldvolume field theory
as a domain wall. Consider the 3 + 1 dimensional worldvolume theory on the “vac-
uum” fivebrane. The fivebrane worldvolume theory is a six dimensional field theory
6We would like to thank Oren Bergman and Albion Lawrence for discussions on this question.
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with 16 real supersymmetries, whose field content is the (2,0) tensor multiplet. This
contains 5 real scalars, interpreted as fivebrane transverse positions. In [11] it was
argued that the 3-space intersection of two fivebranes couples to a four-form gauge
potential obtained by dualising the 1-form field strength of a linear combination
of the five scalars φ in the worldvolume theory (the correct combination of scalars
depends on the orientation of the intersection):
⋆ dφ = F5 = dA4. (82)
The action for this system will contain terms like
S =
∫
(0,1,2,3)×Σ
⋆F5 ∧ F5 + µ0
∫
(0,1,2)×Σ∩M3
A4. (83)
The reduced theory on the 3 + 1 dimensional non-compact worldvolume will have
in the action terms induced by (83). They read
S =
∫
(0,1,2,3)
⋆F4 ∧ F4 + µ
∫
(0,1,2)
A3. (84)
where
A4 = A3 ∧ ξ. (85)
Here ξ is a cohomologically non-trivial one-form normalized so that∫
Σ
ξ ∧ ⋆ξ = 1 (86)
and
µ = µ0
∫
Σ∩M3
ξ (87)
is the effective charge. Since Σ ∩M3 is the only non-trivial cycle on Σ and ξ is the
associated element of cohomology, this does not vanish. The equation of motion
reads
d ⋆ F4 = µδ(x
3) (88)
and requires that the scalar ⋆F4 is locally constant, except at the wall where it
undergoes a jump by µ. Thus its value on either side of the membrane is different,
which justifies regarding the membrane as a domain wall. This is analogous to the
situation discussed in [42, 43], where an 8-brane acts as a domain wall in type IIA
string theory.
One may therefore conclude that the “wall” fivebrane couples to the “vacuum”
fivebrane when the two branes are coincident. It would be interesting to understand
better the connection between this realisation of an MQCD domain wall and the
one studied in [10, 39, 40].
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6 Twobrane-Fivebrane Intersections
For completeness one may also consider the possible intersections of a twobrane with
the “vacuum” fivebrane. This could a priori lead to a BPS particle or string states
in the worldvolume theory on the fivebrane It is very easy to see that there are no
BPS configurations of this kind. To this end one only needs to look at the analog
of (27), which would in the present case read
χ = Γ0Γ1(Γm∂σX
m + Γm¯∂σX
m¯)χ (89)
for the string case (σ is the coordinate along the “string”), and
ǫαβχ = Γ0(Γmn∂αX
m∂βX
n + Γmn¯∂αX
m∂βX
n¯ + Γm¯n¯∂αX
m¯∂βX
n¯)χ (90)
for the particle case.
It is clear that the only solution to this is χ = 0, since there is no way to match
’occupation numbers’ on both sides of this equation.
7 Conclusions and Summary
In this paper different possibilities of obtaining extended objects in MQCD are ex-
plored. The approach is to consider intersections of M-branes with the vacuum
fivebrane which preserve supersymmetry. There are essentially two possibilities,
both of which involve a fivebrane intersecting the vacuum fivebrane. The intersec-
tions are such that in the (0, 1, 2, 3) part of the vacuum worldvolume the intersection
looks like a membrane or a string. The string solution is singular and it is not clear
whether there is anything interesting to be learned from that case. The case where
the intersection looks like a membrane is of greater interest and was studied in detail.
A formula for the tension of the membrane was derived which is the integral
of the holomorphic three-form Ω over M3 (the three dimensional part of the inter-
secting fivebrane’s worldvolume embedded in the space R5 × S1). The example of
super-Yang-Mills was studied in detail and an explicit example of a BPS saturated
membrane was constructed and its tension was calculated. It was then argued that
the membrane is in fact a domain wall in the gauge theory living in the 0123 di-
rections of the vacuum fivebrane. The tension agrees with the known result [10]
derived by considering the difference in the vacuum density on either side of a do-
main wall in supersymmetric Yang-Mills theory. There the tension is obtained by
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considering the difference in the asymptotic values of the superpotential in N = 1
supersymmetric Yang-Mills. This is a means of calculating the superpotential and
may have wider applications.
In [40] a vacuum fivebrane configuration which interpolates between two vacua
was constructed in the spirit of [10]. The relation to the approach advocated in this
paper lies in our conjecture that the vacuum fivebrane splits along the intersecting
fivebrane so that on either side of the intersecting brane there are two different
vacua. Thus the configuration considered here is probably a singular limit of [40].
A more careful study of the relationship of the two approaches is clearly of interest.
Acknowledgments
We would like to thank Oren Bergman and Albion Lawrence for helpful discus-
sions. We are also indebted to Andrew Strominger for very inspiring questions and
suggestions.
The work of M.S. was supported by a Fulbright Fellowship.
21
References
[1] A. Klemm, “On the Geometry behind N=2 Supersymmetric Effective Actions
in Four Dimensions,” hep-th/9705131.
[2] For a review see P.K. Townsend, “Four Lectures on M-theory”, hep-th/9612121.
[3] N. Seiberg and E. Witten, “Monopole Condensation, and Confinement inN = 2
Supersymmetric Yang-Mills Theory,” Nucl. Phys. B 426 (1994) 19 (hep-th
9407087).
[4] N. Seiberg and E. Witten, “Monopoles, Duality and Chiral Symmetry Break-
ing in N = 2 Supersymmetric QCD,” Nucl. Phys. B 431 (1994) 484 (hep-
th/9408099).
[5] G. Dvali, M. Shifman, “Domain Walls in Strongly Coupled Theories”, hep-
th/9612128.
[6] A. Kovner, M. Shifman, A. Smilga Domain Walls in Supersymmetric Yang-Mills
Theories hep-th/9706089
[7] B.Chibisov, M.Shifman BPS-Saturated Walls in Supersymmetric Theories hep-
th/9706141
[8] A. Klemm, W. Lerche, P. Mayr, C. Vafa and N. Warner, “Self-Dual Strings
and N=2 Supersymmetric Field Theory” Nucl. Phys. B 477 (1996) 746 (hep-
th/9604034).
[9] E. Witten, “Solutions Of Four-Dimensional Field Theories Via M-Theory,”,
hep-th/9703166.
[10] Edward Witten, “Branes And The Dynamics Of QCD”, hep-th/9706109.
[11] G. Papadopoulos and P. K. Townsend, “Intersecting M-branes”, Phys. Lett. B
380 (191996) 273 (hep-th/9603087).
[12] A. A. Tseytlin, “ Harmonic superpositions of M-branes”, Nucl. Phys. B 475
(1996) 149 (hep-th/9604035).
[13] J. P. Gauntlett, “Intersecting Branes”, hep-th/9705011.
22
[14] A. Strominger, “Open P-Branes”, Phys. Lett. B B383 (1996) 44, (hep-
th/9512059).
[15] Kentaro Hori, Hirosi Ooguri, Yaron Oz, “Strong Coupling Dynamics of Four-
Dimensional N=1 Gauge Theories from M Theory Fivebrane” hep-th/9706082.
[16] A. Brandhuber, N. Itzhaki, V. Kaplunovsky, J. Sonnenschein, S. Yankielowicz,
“Comments on the M Theory Approach to N=1 SQCD and Brane Dynamics”
hep-th/9706127.
[17] Csaba Csaki, Witold Skiba “Duality in Sp and SO Gauge Groups from M
Theory”, hep-th/9708082.
[18] Soonkeon Nam, Kyungho Oh, Sang-Jin Sin, “Superpotentials of N=1 Super-
symmetric Gauge Theories from M-theory”, hep-th/9707247.
[19] Martin Schmaltz, Raman Sundrum, “N = 1 Field Theory Duality from M-
theory”, hep-th/9708015.
[20] Changhyun Ahn, Kyungho Oh, Radu Tatar, “Branes, Geometry and N=1 Du-
ality with Product Gauge Groups of SO and Sp” hep-th/9707027
[21] Changhyun Ahn, Kyungho Oh, Radu Tatar “Branes, Geometry and N=1 Du-
ality with Product Gauge Groups of SO and Sp”, hep-th/9707027.
[22] Changhyun Ahn, Kyungho Oh, Radu Tatar, “Sp(Nc) Gauge Theories and M
Theory Fivebrane”, hep-th/9708127.
[23] Changhyun Ahn, Kyungho Oh, Radu Tatar, “M Theory Fivebrane Inter-
pretation for Strong Coupling Dynamics of SO(Nc) Gauge Theories”, hep-
th/9709096.
[24] Jan de Boer, Yaron Oz, “Monopole Condensation and Confining Phase of N=1
Gauge Theories Via M Theory Fivebrane”, hep-th/9708044.
[25] Hirosi Ooguri, “M Theory Fivebrane and SQCD”, hep-th/9709211.
[26] K. Becker, M. Becker and A. Strominger, “Fivebranes, Membranes and Non-
perturbative String Theory”Nucl. Phys. B 456 (1995) 130 (hep-th/9509175).
23
[27] Mirjam Cvetic, Christopher M. Hull, “Wrapped Branes and Supersymmetry”,
hep-th/9709033.
[28] S. Kachru, A. Klemm, W. Lerche, P. Mayr, C. Vafa, “Nonperturbative Results
on the Point Particle Limit of N=2 Heterotic String Compactifications”, Nucl.
Phys. B 459 (1996) 537, (hep-th/9508155).
[29] A. Hanany, E. Witten, “ Type IIB Superstrings, BPS Monopoles, And Three-
Dimensional Gauge Dynamics”, hep-th/9611230.
[30] S. Katz, A. Klemm, C. Vafa, “Geometric Engineering of Quantum Field The-
ories”, hep-th/9609239.
[31] S. Katz, P. Mayr, C. Vafa, “Mirror symmetry and Exact Solution of 4D N=2
Gauge Theories I”, hep-th/9706110.
[32] S. Elitzur, A. Giveon, D. Kutasov, “Branes and N=1 Duality in String Theory”,
Phys. Lett. B 400 (1997) 269 (hep-th/9702014).
[33] S. Elitzur, A. Giveon, D. Kutasov, E. Rabinovici, A. Schwimmer, “Brane Dy-
namics and N=1 Supersymmetric Gauge Theory”, hep-th/9704104.
[34] A. Brandhuber, J. Sonnenschein, S. Theisen, S. Yankielowicz, “Brane Configu-
rations and 4D Field Theory Dualities”, hep-th/9704044.
[35] Hirosi Ooguri, Cumrun Vafa, “Geometry of N=1 Dualities in Four Dimensions”,
Nucl. Phys. B 500 (1997) 62 (hep-th/9702180).
[36] N.C. Leung, C. Vafa, “Branes and Toric Geometry”, hep-th/9711013.
[37] Eric D’Hoker, I. M. Krichever, D. H. Phong, “The Effective Prepotential of
N=2 Supersymmetric SO(Nc) and Sp(Nc) Gauge Theories”, Nucl. Phys. B
489 (1997) 211, (hep-th/9609145).
[38] Ansar Fayyazuddin, Micha l Spalin´ski, “The Seiberg-Witten Differential From
M-Theory”, hep-th/9706087.
[39] Amihay Hanany, Matthew J. Strassler, Alberto Zaffaroni, “Confinement and
Strings in MQCD”, hep-th/9707244.
24
[40] Anastasia Volovich, “ Domain Wall in MQCD and Supersymmetric Cycles in
Exceptional Holonomy Manifolds”, hep-th/9710120.
[41] Savdeep Sethi, Mark Stern, “D-Brane Bound States Redux”, hep-th/9705046.
[42] Joseph Polchinski, Edward Witten, “Evidence for Heterotic - Type I String
Duality”, Nucl. Phys. B 460 (1996) 525 (hep-th/9510169).
[43] E. Bergshoeff, M. De Roo, M. B. Green, G. Papadopoulos, and P. K. Townsend,
“Duality of Type II 7-branes and 8-branes”, Nucl. Phys. B 470 (1996) 113
(hep-th/9601150).
25
